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Abstract 

Neutral kaons, and probably also neutrinos, exhibit oscillations between flavor eigen- 
states, as a result of being produced in a superposition of mass eigenstates. Several 
recent papers have addressed the question of the energies and momenta of the com- 
ponents of these states, and their effect on the coherence of the states and on the 
wavelength of the oscillations. We point out that the mass eigenstates need have nei- 
ther equal momentum nor equal energy, but can nevertheless be coherent, and that 
a correct treatment of the kinematics recovers the usual result for the wavelength 
of the flavor oscillations. 
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1 Introduction 



When neutral particles are produced in a flavor eigenstate that is not also a 
mass eigenstate, the resultant system is, in general, a superposition of mass 
eigenstates. If so, the system may oscillate between the different flavor eigen- 
states. This situation has been familiar for many years for the case of neutral 
kaons; if these are produced in one of the strangeness eigenstates, K° (S = 1) 
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or K° (S = —1), the system is a superposition of the mass eigenstates, Kl and 
Ks, and oscillates between the two strangeness eigenstates. Recently, strong 
evidence has been found that neutrinos show a similar behaviour [1,2,3,4]. 

The standard quantum-mechanical treatment of kaon oscillations [5] has been 
known for many years and results in an expression relating the wavelength 
of the strangeness oscillations to the mass difference between the mass eigen- 
states, 5m = m L — m s . In the last decade, several papers have appeared which 
question this treatment, sometimes resulting in a different relation between the 
wavelength and 8m. Srivastava et al. [6] derived a relation that differs by at 
least a factor of 2 from the standard result. The origin of this factor was stud- 
ied by Lowe et al. [7] and by Burkhardt et al. [8] who found an error in Refs. 
[6], and demonstrated that the standard result is recovered when this error is 
corrected. 

Other treatments [9,10,11,12,13,14,15,16] have studied some consequences of 
differing assumptions about the system and, in particular, the energies and 
momenta of the mass eigenstates. Since the K L and K s states that make up 
the oscillating K°—K° system have different masses, they cannot have boththe 
same momentum and the same energy. For example, Lipkin and collaborators 
[9,13] have studied the consequences of assuming either equal momentum or 
equal energy for the Kl and K$- In several of the above papers these two 
kinematic assumptions are examined, and some papers predict a wavelength 
for the oscillations which differs by a factor of exactly 2 from the standard 
treatment. A recent paper by Okun et al. [16] gives a concise summary of the 
situation. 

However, we are not free to choose the energy and momentum of the mass 
eigenstates. Usually, the neutral particles are produced either in a reaction (e.g. 
Tc~p — > AK°) for the case of kaons, or a decay (e.g. tc — > /iz/^) for neutrinos. In 
either case, the mass eigenstates have neither the same energy nor the same 
momentum for a given center-of-mass energy (mass in the rest frame of the 
source). The energies and momenta are determined by the kinematics. This 
was pointed out initially by Boehm and Vogel [17], Goldman [18], Srivastava et 
al. [6], Dolgov [15] and also by the present authors [7,8], who showed that when 
this is taken into account correctly, a consistent treatment of the kinematics 
follows and the standard result for the wavelength of oscillations is recovered. 

However, Lipkin et al. [9,13] and Stodolsky [12] claim that the two mass eigen- 
states must have the same energy. In particular, Lipkin [13] states that mass 
eigenstates with different energy cannot interfere to produce the oscillations. 
In sect. 2 we show that this argument is incorrect and that the Kl and Ks 
states can indeed interfere to give strangeness oscillations. In sect. 3, we show 
that the mass eigenstates with kinematically correct energies and momenta 
produce oscillations with the same wavelength as in the standard treatment, 
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without any additional factors. 



2 Coherence of the mass eigenstates 

In this section, we examine the coherence of two interfering wave functions. 
Suppose the wave functions are plane waves, ipi and ip 2 . These might be, for 
example, two parts of the wave function in a 2-slit optical experiment, or 
an electron diffraction experiment. If so, they will have the same energy and 
momentum, but for generality, we keep both energies and momenta distinct 
for now. 

The wave function at the point of interference, (x,t), is 



where <f> is some phase angle introduced by the geometry (for example, the path 
difference between the two slits to the interference point or some difference 
induced at the presumed common source of the two components). We assume 
only that <fi is fixed and does not vary, e.g., randomly for different times due, 
for example, to fluctuations in the background medium (e.g., due to index of 
refraction fluctuations). It is in this sense that we may refer to the two waves 
as "coherent" [19]. The probability density is 



In general, the second term oscillates in time with a time period characteristic 
of the energy scale of the system. For the optical case, this is ~ lCT 15 s, and in 
particle-physics experiments, the characteristic time is much shorter. In either 
case, this is well below the time resolution of any normal detector, so the 
second term averages to zero in the measurement, and ipi and ip 2 are therefore 
incoherent in the sense of Lipkin et al. [9,13]. There may be other reasons 
for the cross term in Eq. (2) to vanish (e.g. different spin wave functions or 
different internal states of particles associated with ipi and ip 2 ), but in the 
absence of any such reason, the rapid time dependence of the energy term is 
the only reason why %pi and ip 2 are orthogonal when E\ and E 2 are different. 
It is this energy term that seems to be the basis for statement often made (e.g. 
in [13]) that the kaon mass eigenstates are incoherent, and will not interfere, 
unless they have the same energy. 



ip = ipi + ip2 = \ - exp{i(pix - Eit)} + exp{i(p 2 a: - E 2 t + 0)} 




(1) 



if) | 2 = 1 + cos[(pi - p 2 )x - (Ex - E 2 )t + 0] 



(2) 
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However, we must examine Eq. (2) in the particular case where ip\ and ip2 are 
Kl and K$ states. Here, E\ — E 2 is of order 8m, which is ~ 3 x 10 _6 eV. The 
associated time scale is ~ 2 x lCT 10 s, which is readily measurable. Thus, even 
in this plane- wave case (that is, in the absence of packeting), the response 
of a detector to | tp | 2 at a fixed point x will oscillate measurably in time 
as given by Eq. (2). Furthermore, in actual experiments, the kaons do not 
appear in continuous plane waves, but as wave packets. Since kaon velocities 
in experiments are usually an appreciable fraction of c, the distance scale is 
many cm, again readily measurable. Of course, if the measurement averages 
over time or distance scales large compared with these values, then the cross 
term vanishes and the states become incoherent. 

Thus, although the fact that the kinematics of the kaon (or neutrino) produc- 
tion process preclude equal energy for the two interfering states, the states may 
nevertheless be coherent, in the sense that we refer to above, and interference 
may be observable in certain situations. 



3 Kinematics 

Here, we calculate the kinematics for a specific case. For definiteness, we choose 
the K° — K° example rather than neutrinos because 

(i) There are just two states rather than three or more, 

(ii) Accurate numerical values are known for the masses and the mass differ- 
ence, 

(iii) For neutrinos, it has been argued that a full treatment requires the in- 
clusion of the detector in the system [13]. However, for kaons, the AS = AQ 
rule implies that the K° and K° components can be identified from the kaon 
decay, without the need for a specific detector, thus simplifying the problem. 

Neutrinos or kaons are produced either by a reaction such as 

up -> AK° 

or by a decay, for example 

For the first of these, the center-of-mass energies and momenta of the mass 
eigenstates are given by 
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(s — mf — m\) 2 — 4mfm\ s + m 
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P * = 4l ' K = %fs (3) 



where % = S or L. Similar expressions hold for the neutrinos from pion decay. 
The quantity ^/s is the total center-of-mass energy for a reaction or the mass of 
the decaying particle for a decay. Although there may be a spread in the value 
of y/s for the overall system wave packet, our analysis proceeds component 
by component, i.e. at a precise value of ^J~s (within the constraints of the 
uncertainty principle). Thus ps ^ Pl and E s ^ E L . In the following, to make 
the equations more readable, we ignore CP violation and we omit the widths 
of the kaon states. 

Since the above reaction produces a pure K° state, the wave function at the 
reaction point, where x = t = 0, is 



I K°) = K L )+ I K S )). (4) 
This state develops in time as 



ij,(x,t) = J^{exp[i(p L x - E L t)\ | K L ) + exp[i(p s x - E s t)} | K s )}. (5) 



Since Eqs. (3) give pi and Ei in the center-of-mass frame, the x and t in Eq. 
(5) should also be in this frame. However, Eq. (5) and all following equations 
involve only invariants, so may be reinterpreted in the lab frame. Note that the 
two components in Eq. (5) are coherent in the sense that we defined above: no 
fluctuation of the relative phase occurs at the source. Under the assumption of 
propagation in a vacuum, there is also no medium to induce phase fluctuations 
coupled to the medium. At (x,t), the probability amplitude for detecting a 
K° is 



(K° | rl>(x,t)) = l -{exp[i{p L x - E L t)\ + ex P [i(p s x - E s t)}} 



(6) 



using (K° | K L ) = (K° \ K s ) = \]\- This is just as Eq. (1) above (with 
= 0), giving the probability density as 



(K° | ^(x, t)) | 2 = 1{1 + cos [(p L - p s )x - (E L - E s )t}}. (7) 
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Eq. (7) describes a plane-wave situation, with a unique value of y/s, and with 
x and t as independent variables. In a realistic case, it would be used to form 
wave packets for all particles, with a spread of values of y/s. The size of such 
wave packets might be determined, for example, by the time and position 
resolution of a detector in the incident beam or by the time structure of 
the accelerator beam. In any case, the packet cannot be larger than the K$ 
lifetime, t$ ~ 0.9 x 10~ 10 s, which gives a spacial extent of typically about 2 
cm. Thus the outgoing kaon moves in a packet of this size, centered at the 
classical position. So the observation of the kaon at position x must be made 
at a time when the packet is present, i.e. at time that is equal to x//3 or 
which differs from it by no more than the half-width of this wave packet. We 
therefore replace t in Eq. (7) with the time defined in this way using beta 
calculated from the average Kl and Ks parameters: 



Pl+Ps 
El + Es' 



(8) 



which lies between the velocities Pl/E l and p s /E s . It is crucial that the 
observation is made at a single space-time point; no meaning can be attached 
to the interference of wave functions at different values of x or t (see [8,16]). In 
any realistic case, the separation of the centres of the Kl and Ks wave packets 
is much smaller than their size, so in practice, there is no loss of coherence 
due to separation of the K L and K s packets. 

Thus Eq. (7) becomes 



(K°\i>(x,t)) 



1 + COs{(j» L - Ps)x - — ~ ES " > X} 



(9) 



Using 



El- El 



Pl-Ps 



+ 



2m5m 



(3 ( Pl + Ps)(El-E s ) El-Es (El-E s )(pl+PsY 



(10) 



Eq. (9) becomes 



(K°\^(x,t)) 



m Sm 
1 + cos X 

p 



(11) 



where m and p are the mean neutral kaon mass and momentum. Thus the 
wave number of strangeness oscillations in space is k = m 5m/ p. This is 
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often expressed as an oscillation in time, in which case, the angular frequency 
is 00 = m 8m/ 'E. Both of these results are in agreement with the standard 
results [5], without any assumption about equality of momenta or energies. 



4 Discussion 

We conclude that a treatment of kaon and neutrino oscillations, with the 
kinematics treated in full, does indeed give the correct relation between the 
mass difference and the oscillation wavelength. Most of the recent literature is 
in agreement with this standard result for the wavelength, though sometimes 
using incorrect kinematics. If CP violation and the finite kaon lifetimes are 
incorporated in the above algebra, a more realistic result is obtained, with 
more cumbersome-looking equations, but the wavelength of the oscillations 
remains the same. The full equations are given in [7,8]. 

Lipkin [13] has suggested that the detector should also be included in the wave 
function of the system, since interaction with it depends on the details of the 
neutrino or kaon wave function. By choosing the kaon system here, we avoid 
this problem since the particles resulting from K° or K° semileptonic decay 
identify the strangeness eigenstate, so no kaon detector, as such, is required. 
However, inclusion of a detector would not change our conclusions; at the zeros 
of the K° oscillation pattern, there are only K° mesons and no K° mesons, 
so no detector could detect a K° at such a point. 

If the mass eigenstates did in fact have equal momenta or equal energies, then 
this would imply a failure of 4-momentum conservation in the kaon or neutrino 
production process. Such a failure would be evident well outside the oscillation 
region; the K L , which is the only state left in the asymptotic region, would, 
in principle, have an energy or momentum inconsistent with 4-momentum 
conservation. 

In a recent preprint by Field [20], the kinematics and other aspects of the 
neutrino production are treated quite differently, giving a wide range of cor- 
rection factors to the standard result for the wavelength. However, there is 
an error in his derivation of the pion decay rates (Eq. (7) of Ref. [20]). When 
this is corrected, the motivation for his later modifications to the standard 
treatment, with their bizarre physical consequences, is removed. 
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